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Abstract. Let G = Spec A be an affine functor of monoids. We prove that 
A* is the enveloping functor of algebras of G and that the category of G- 
modules is equivalent to the category of A*-modules. Moreover, we prove that 
the category of affine functors of monoids is anti-equivalent to the category 
of functors of affine bialgebras. Applications of these results include Cartier 
duality, neutral Tannakian duality for affine group schemes and the equivalence 
between formal groups and Lie algebras in characteristic zero. 

Finally, we also show how these results can be used to recover and generalize 
some aspects of the theory of the Reynolds operator. 



Introduction 

Let if be a field and A a finite X-bialgebra (that is, ^ is a finite X-algebra 
endowed witli a coproduct, c: A — >■ A ® A and a counit, e: A K, tliat are 
morphisms of algebras and satisfy standard axioms). It is easy to see that the 
if-linear dual A* := Hom/f (A, K) is again a bialgebra such that A** = A. 

In the literature, there have been many attempts to extend this well-behaved 
duality to non finite bialgebras (see [H] and references therein). One of them, for 
example, associates to each bialgebra A over a field K the so-called dual bialgebra 
A° (see 12.101) . Another one associates to each bialgebra A over a pseudocompact 
ring R the bialgebra A* endowed with a certain topology (see [9J Expose VIIb 
2.2.1]). In Section 2, we show how the language of functors allows to extend the 
duality of finite bialgebras to arbitrary bialgebra^ over rings, without providing 
them with a topology. 

Let i? be a commutative ring. All functors considered in this paper are functors 
defined over the category of commutative i?-algebras. Given an i?-module Af , we 
denote by M the functor M{S) := M ®b. S. If M and N are functors of 7?.-modules, 
then Mom-jz (M, N) will denote the functor of 7?.-modules 

HoTO7z(M,N)(S') := Hom5(M|s,N|5) 

where M|5 is the functor M restricted to the category of commutative 5-algebras. 
We write M* := Mom-ji{M, TZ) and say that this is a dual functor. The reflexivity 
theorem ([H 1.10]): 

M** =M 

is a fundamental result, for what has been mentioned in the first paragraph. We 
say that A^* is a module scheme. Moreover, if A* := A4* is a functor of algebras 
we say that A* is an algebra scheme. 
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We say that an algebra scheme A* is a bialgebra scheme if ^ is a functor of 
algebras and the dual morphisms of the multiplication and unit morphisms are 
morphisms of functor of algebras. 

Theorem 1. The functors A A* , A* A**{R) = A{R) establish an anti- 
equivalence between the category of bialgebras and the category of bialgebra schemes. 

Given a functor of commutative 7^-algebras A, let Spec A be the functor: 

SpecA(S') Hom-Tj^aigCA, 5). 

In case X = Spec A is an affine i?-scheme and X' stands for its functor of points 
{X'{S) :— Homfl_aig(A, 5)), then X = Spec^. If A* is a commutative algebra 
scheme and A is a projective i?-module we say that Spec A* is a formal scheme. In 
13.91 we prove that formal schemes are direct limit of finite i?-schemes. 

Let X be a functor of sets and Ax := Mom{X,TZ). We say that X is an affine 
functor if X = Spec Ax and Ax is reflexive, in this case, Ax is said to be affine. 
We prove that affine monoid schemes, formal monoids, the completion of an affine 
monoid scheme along a closed submonoid and the monoids EndnAi of linear endo- 
morphisms of a free i?-module M (of infinite rank), are affine functors of monoids. 
We say that a functor of affine algebras Ax is a functor of affine bialgebras if A^ is 
a functor of algebras and the dual morphisms of the multiplication and unit mor- 
phisms are morphisms of functors of algebras. We prove the following theorem (see 

EM- 

Theorem 2. The category of affine functors of monoids is anti- equivalent to the 
category of functors of affine bialgebras. 

In particular, the category of formal monoids is anti-equivalent to the category 
of commutative bialgebra schemes fsee l5.4p . 

It is well-known that, for a finite monoid G, the category of i?- linear represen- 
tations of G is equivalent to the category of i?G-modules. In [21 5.4] we extended 
this result to affine group schemes. Now, let G be a functor of monoids, such that 
Ag is reflexive and let G — ^ Aq be the natural morphism. In this paper we prove 
that the enveloping functor of algebras of G is AJj, that is, 

(1) Hom„,o„(G,B) = HomK-a/s(A^,B) 

for all dual functors of 7?.-algebras B. 

In the literature, i?-group schemes have been studied as mere abstract groups 
by means of their functors of points over the category of commutative i?-algebras. 
Also, formal groups have been treated as mere abstract groups by means of their 
functors of points over the category of finite i?-algebras and with a certain topology 
on the rings of functions {R being a field or a pseudo-compact ring, see [8], [9] and 
[lOj). In this paper, all functors are defined over the category of commutative R- 
algebras {R being a commutative ring), in order to treat algebras, bialgebras, affine 
group schemes, formal groups, Krid-nAi, group algebras, etc., in a coherent and 
appropriated categorial framework. 

As consequences of Equality [l] we obtain the following two theorems: 

Theorem 3. The category of dual functors of G-modules is equivalent to the cat- 
egory of dual functors of K^-modules. 
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Dual functors of G-modules naturally appear: Let G = Spec A be an afRne 
group scheme and let be a rational G-module, then V is a dual functor of G - 
modules; A* is naturally a dual functor of G -modules, but A* is not a rational 
linear representation of G. 

Theorem 4. Assume G is commutative. Then 

G* := Hom,„o„(G,7e) = nomn^aig{^i,n) = SpecA£ 

As an application of Theorem [Sj in Section |6] we deduce the Tannaka's char- 
acterization of the category of linear representations of an affine group scheme. 
As immediate aplication of Theorem |4] and the reflexivity theorem, we deduce the 
Cartier duality over commutative rings (also see [TOl Ch. I, §2, 14], where formal 
schemes are certain functors over the category of commutative linearly compact 
algebras over a field). 

We say that G is invariant exact if the functor over the dual functors of G- 
modules "take invariants" is exact. In Section[8l it is proved the following theorem. 

Theorem 5. G is invariant exact if and only if Aq = TZ x M as functors of TZ- 
algebras (where the first projection TZ is the unit of Aq). Thus, if M. is 

a dual functor of <G -modules, G is invariant exact and wg '■= (1,0) S Aq, then 
M"^ = W(G • M and M M'^ , mv^WG-m is the Reynolds operator ofM. 

Let i? be a commutative Q-algebra. In Theorem 19. 3( we prove that flat infini- 
tesimal formal i?-groups G — Spec^* (i.e., ^ is a flat i?-module) are smooth, and 
by duality we obtain that A is canonically isomorphic to the universal algebra of 
the Lie algebra of G and the Poincarc-Birkhoff-Witt Theorem (see [12]). Moreover, 
we prove that the category of infinitesimal fiat formal i?-groups is equivalent to the 
category of fiat Lie i?-algebras. In 9, VIIb 3], the results of this paragraph are 
proven when i? is a local pseudocompact Q-algebra. 

1. Preliminary results 

Let i? be a commutative ring (associative with unit). All functors considered 
in this paper are covariant functors over the category of commutative i?-algebras 
(associative with unit). A functor X is said to be a functor of sets (monoids, etc.) 
if X is a functor from the category of commutative i?-algebras to the category of 
sets (monoids, etc.). 

Let TZ be the functor of rings defined by TZ{S) := S, for all commutative R- 
algebras S. A functor of commutative groups M is said to be a functor of 72.-modules 
if we have a morphism of functors of sets 7?, x M — ^ M, so that M.{S) is an S-module, 
for every commutative i?-algebra S. A functor of algebras (with unit). A, is said 
to be a functor of 7?.-algebras if we have a morphism of functors of algebras TZ ^ A 
(and S commutes with all the elements of A{S), for every commutative i?-algebra 
S). 

If M and N are functors of 7?,-modules, we will denote by Mom7j(M, N) the 
functor of 7^-modules 

HoTO7^(M,N)(S') := Homs(M|5,N|5) 

where M|5 is the functor M restricted to the category of commutative S'-algebras. 
Obviously, 

(HomK(M,N))|s = EIom5(M|s,N|s) 
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Given an i?-niodule M, the functor of 7?,-niodules A4 defined hy M{S) := M(E)rS 
is called a quasi-coherent 7^-module. If M is a i?-module of finite type then M is 
called a coherent 7^- module. The functors M A4, A4 M{R) = M establish an 
equivalence between the category of 7?.- modules and the category of quasi-coherent 
7^-modules ([3 1.12]). In particular, nov[iu{M,M') = Homfl(M, M'). The notion 
of quasi-coherent 7?.- module is stable by ring base change R ^ S, that is, A^|s is 
equal to the quasi-coherent iS-module associated to the S'-module M ®b.S. For any 
pair of i?-modules M and N , the quasi-coherent module associated to M N is 
M (8)^ A/". 

Remark 1.1. Tensor products, direct limits, inverse limits, etc., of functors of 
TZ-modules are regarded in the category of functors of TL-modules (unless stated 
otherwise) . 

The functor M.* = HomTj. ( , 7?.) is called an 7?.-module scheme. Moreover, 
M*iS) = Homs(M (g)R S, S) = Homfl(M, S) and it is easy to check that iM*)\s is 
an 5-module scheme. A basic result says that quasi-coherent modules and module 
schemes are reflexive, that is, 

M** 

([21 1.10]); thus, the functors M ^ M* and M* ~^ M** = M establish an 
equivalence between the categories of quasi-coherent modules and module schemes. 
An 7?.- module scheme A/(* is a quasi-coherent 7?.- module if and only if M is a 
projective i?- module of finite type {[3]). 

1 8l 

More generally, Momn{M* ,M) = M®nJ^- Therefore, 

{Ml®---® Ml)* = Uomn{Ml Ml_^,Mn) 
'-^^ ^Womn{Ml®---®M*^^2^Mn~i®Mn) = --- = Mi® 
In the category of functor of 7^-modulcs, inverse limits \vaiM* 

module schemes are module schemes and 



---®Mn 

= (limA^i)* of 



(3) Hom7j(limX*,AA) = {\imM^)®■Iz^f = lim{M^®^z^f) = HmUoumiM* , Af) 

iei iei lei iei 

Definition 1.2. We will say that a functor of TZ-modules M is reflexive ifM. = M**. 

Example 1.3. Quasi- coherent modules and module schemes are reflexive functors 
of TZ-modules. 

Remark 1.4. For simplicity, given a functor of sets X, we sometimes use a; € X 
to denote x G X(S'). Given x G X(S') and a morphism of R- algebras S S' , we 
still denote by x its image by the morphism X(S') —5- X(S"). 

Proposition 1.5. Let M = Mq ^ Mi ^ - - - ^ Mn ^ • • ■ be a filtration of R- 
modules of M. It holds that 

Romni lim {M/Mn),Af) = lim RomniM/MnM) 
Hence ( lim (M/Mn))* = lim (M/Mn)* and lim M/Mn is a reflexive TZ-module. 

ngN riGN riGN 
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Proof. Let / e HomK( lim 7W/A^„,7V). Firstly, let us prove that the morphism 
fa : lim M/M„ N induced by / factors through Af/M„, for some n G N: suppose 
that, for every n, there exists an element s„ = Si>n ^ liniA//A^„, rrii G Mi 

riN 

such that fB,{s„) ^ 0. The morphism g : HneN 7?- ^ A/", g{{a„)n) ■= f{J2n "-ri ■ s«) 
satisfies that g|7j 7^ for every factor TZ C Yin ^ ^'^'^ contradicts the fact that 

HomTC(n„7e,7V) ^ = (©„i?) (8)iV = ©„Hom7j(7e,7V). Then factors through 
M/Mn, for some n. 

Next, let us check that the induced morphism fs : hm {{M /Mn)®RS) N®rS 

riGN 

factors through {M/Mn) ®r S, for all S: there exists n' > n such that fs factors 
through {M/Mn') <S>r S. Given Ej'^i- £ hm {{M/Mn) ®r S), m[ £ M[ (where 

neti 

M[ is equal to the image of M, ®r S in M ®r S), = fs{Y.^<n' ™0 = 

/s(Ej<n '^O because /^(Mj) = 0, for ah i > n. 

□ 

Proposition 1.6. Let {Mi}ig/ &e a set of R-modules. Then 
Hom7^(J|X„A/') = ©.,e/Hom7j(X,,7V) 

Hence, (Wiei -^i)* ~ ©ie/-^* ^'^'^ Ilie/-^'' reflexive functor of TZ-modules. 
Proof. Obviously, 

©j6/Hom7j(7W,;,7\A) C Hom7?,(J|>lj,7\A). 

Let / e Hom7^(J|^g^ A^i, A/"). If there exist a infinite set of J C / such that 
f\Mj 7^ for every j e J, then we can construct a morphism g: J^pjT?. — > TV 
such that 5|7j ^ for every factor TZ C JIn^' '^hich contradicts the equation 
Hom^dlN^:-^) = ®„eNHom7j(7e,A/'). 

Now, let us assume that fi^^^jMi = ^^'^ l^t us prove that f — 0. Given 
m = {mi)i^i £ nie7-^j' /('^) 7^ then the morphism g: Yiiei^ ~^ 
g{{ai)i) :— f{{ai ■ mi)i) is not null and gi^-n = 0, which contradicts the equation 
RomTzlUjUM) = ®/HomK(7e,A/'). 

□ 

Definition 1.7. ^ functor of TZ-modules M is said to be dual if there exists a 
functor of TZ-modules N such that M ~ N* . 

Proposition 1.8. // M* is a dual functor of TZ-modules and N is a functor of 
TZ-modules, then Mom-]i{N,M.*) is a dual functor of TZ-modules. 

Proof Indeed, Hoto7?,(N, M*) HomK(N M, 7^) = (N ® M)*. □ 
For example, End-jiAi is a dual functor of 7?,- modules (and a functor of algebras). 

Proposition 1.9. Let M. be a functor of TZ-modules such that M* is a reflexive 
functor. The closure of dual functors of TZ-modules o/M is M**, that is, it holds 
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the functorial equality 

HomK(M,N) = Hom7j(M**,N) 
for every dual functor of TZ-modules N. 
Proof. Let us write N = T* , then 

Hom7j(M, N) = Hom7j(M, T*) = Hom7^(M (^T,n) = Honi7j(T, M*) 

= Hom7^(T®M*^7^) = Hom7^(M*^ T*) = HomTC(M**, N). 

□ 

In particular, the closure of dual functors of 7?.-inodules oi M* TV* is equal 
to (M «)K A/")*, because {M* ®n-N'*)* ^ M ^n-^f ■ Therefore, if ® stands for the 
tensor product in the category of dual functors of 7?.-modules, then we can write 

Moreover, observe that: 

{YiuyM*)®N* = {{\imM^)®Ny - (lim {M^®N)y = Yiuy{M*®M*) 

iei iei iei iei 

Definition 1.10. We will say that a quasi- coherent TZ-module A is a quasi- coherent 
algebra if A is a functor of TZ-algebras. We will say that an TZ-module scheme A* 
is an algebra scheme if A* is a functor of TZ-algebras. 

Again, the category of i?-algebras is equivalent to the category of quasi-coherent 
7^-algebras. 

An 7^- module scheme. A*, is a scheme of algebras if and only if there exist 
morphisms TZ — A* and A* A* — A* (which is equivalent to giving a morphism 
A*<^A* — A*) satisfying the standard diagrams. 

The functors A ^ A* and A* ^ A**{R) = A establish an equivalence between 
the category of coalgebras (with counity) and the category of algebra schemes, by 
[21 4.2]. In particular, 

Uom-JZ-algiA* ,B*) = lloinR-coalg{B,A) 

Proposition 1.11. Let A* and B* be TZ-algebra schemes such that A is a projective 
R-module. Then: 

IIomK_a/g(^*7 'B*) = {/ G \iomif^aig{A* ^B*): f is the dual morphism 
of a certain linear morphism B A\ 

Proof. The natural morphism 'HouiTi-aig{A* ,B*) Homa-aigiA* , B*) , f fa is 
injective, because if M is a projective i?-module, then we have: 

Romn{M*,Af*) = HomK(A/',X) = Homfl,(iV,M) Homfl(Ar,7V*) 

Analogously, the natural morphism llom-fi_aig{A* A*,B*) Rom ji_aig {A* (g) 
A*,B*) is injective, because if P and Q are projective i?- modules, then: 

RomniV* ® Q*,A/'*) = RomnUP Q)*,A/'*) = }iomn{Af,V <E) Q) 

= Hom/?(7V, P(g>Q)^ HomJ^(P* (gi Q*,N*) 

Therefore, the first diagram is commutative if the second is: 

A* *- B* A* B* 



A* (g) A* ^ B* (E)B* A* (E) A* ^ B* B* 
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So, 

RomTi-aigiA\B*) = {fe RomniA*,B*): fn G Hom«„,i<,(A*, B*)} 

= {/i G Yioxn B-aig {A* , B*): h is the dual morphism 
of a certain linear morphism B — > A} 

□ 

Proposition 1.12. Let A be a functor of TZ- algebras such that A* is a reflexive 
functor of TZ-modules. The closure of dual functors ofTZ-algebras of A is A**, that 
is, it holds the functorial equality 

HomTC-a;g(A,B) = HomTj-aigCA**, B) 

for every dual functor of TZ-algebras B. 

Proof. Let us observe that 

(A A)* =Hom7j(A ® A, 7e) = HomK(A, (A '^7.1 ® A)*) 

= Hom7^(A, (A** ®«7.i® A**)*)'^Hom7^(A*^(A** «)'^7.i(8) A**)*) 

Inductio7i 

= (A** ® A**)*. 
Therefore, given a dual functor of 7?.-modules M* , 

Hom7j(A (g) ... (X) A, M*) = Hom-R(M, (A (g) . . . « A)*) 

= Hom7j(M, (A** (g) . . . «) A**)*) 
= Hom7?,(A** (g) . . . ® A**, M*). 

If we consider M* = A**, it follows easily that the algebra structure of A defines 
an algebra structure on A**. Finally, if we consider M* = B, we obtain that 

HomTC-a;g(A,B) = Roimz -alg {A* * ,M). □ 

Remark 1.13. Let us observe that if A is a functor of commutative algebras, 
then so is A**: since Honi-R,(A g) A, A**) = Hom7j(A** g) A**,A**), the morphism 
A(g)A^ A, a g) a' i~> aa' - a' a — extends to a unique morphism A** g) A** — > A** 
(which is a g) a' H- aa' — a' a = 0). 

Remark 1.14. Therefore, for any pair of algebra schemes A* and B* , the closure 
of dual functors of algebras of A* g) B* is A*^nB* = (A ®-ti B)* ; that is, there 
exists a unique structure of functor of algebras on A*®TiB* such that the natural 
morphism A* ®B* — ?• {A®ti B)* = A*®nB* is a morphism of functors of algebras, 
and every morphism of functors of algebras from A* g) B* into a functor of algebras 
factors uniquely through {A^iz B)* . 

Theorem 1.15. Let {A*}i£i be a projective system of algebra schemes. Then 
Hom7j_aig(lim.A*,i3) = YimKoUYTi-algiA* ,B) 

Proof. Let /: lim^* ~^ B he a. morphism of functors of algebras. By Equation [3l 

iei 

there exist j and a morphism of 7?.- modules fj : A* B such that f ~ fj o TTj , 
where iTj : lim A* — )■ A* is the natural morphism. Denote the composition Al. — 
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A* B, fk- Obviously, / = /fc oTTfe. Let ft-u, ^2fe : Al® Al ^ Bhe the morphisms 
hik{a ® a') = fk{a) ■ fk{a') and h2k(a ® a') = fk{aa'). Since 

{hik o (TTfe ® TTk)){a (g) a') = /(a) • f{a') = /(aa') = {h2k o (tt/c «) 7rA;))(a ® a') 

then, again by Equation|3l there exist k > j such that hik ~ h2k (recaU Hom^j (CJ' (8) 
C^Xs) = HomK(Ci*®C^,C3) and \im{A*^A*) = {limA*)^ilimA*)). Hence, is 

iiT ti7 tiT 

a morphism of functor of algebras and now it is easy to conclude the theorem. 

□ 

2. BlALGEBRA SCHEMES 

Definition 2.1. An R-algebra A is said to be a bialgebra if it is a coalgebra (with 
counit) and the coproduct morphism c: A ^ A igjjj A and the counit e: A ^ R 
are morphisms of R-algebras. A quasi- coherent TZ-module A is said to be a quasi- 
coherent bialgebra if it is a functor of TZ-bialgebras. 

Again, the category of i?-bialgebras is equivalent to the category of quasi-coherent 
7?.-bialgebras. 

Definition 2.2. An TZ-algebra scheme A* is said to be a bialgebra scheme if A is a 
functor of TZ-algebras such that the dual morphisms of the multiplication morphism 
A® A ^ A and the unit TZ ^ A are morphisms of functors of TZ-algebras. 

If A* and B* are bialgebra schemes, then a morphism of functor of TZ-algebras 
f : A* B* is said to be a morphism of bialgebras if the dual morphism f*:B^A 
is a morphism of functors of TZ-algebras. 

Theorem 2.3. The functors A A* , A* A**iR) = A{R) establish an anti- 
equivalence between the category of bialgebras and the category of bialgebra schemes. 

Proof. Let {A, m, c} be a bialgebra. {A, m} is a quasi-coherent 72.-algebra. Since 

Hom7^(^, A® ■ ■ ■ ® A) ^ UomTziA*® ■ ■ ■ ®A*,A*) = Uom-jziA* ® ■ ■ ■ ® A* , A*) 

the coproduct c on A defines a product c* on A* . 

Let us only check that the dual morphism of m, m* : A*®)A* A* , is a mor- 
phism of functors of 7?.-algebras. As the coproduct c in A is a morphism of R- 
algebras, we have the commutative square: 

A *- A®uA {m ®) m){a ® b ® c ® d) := ■m{a ®b) ® m{c ® d) 

(ci3 ® C2i){a ® h) := a{c{a) ® c{b)) 

A ®R A ^^'^'^'^l" A®R A®rA®rA a{a®h® c® d) := a®c®b®d) 

Taking duals, we obtain the commutative square: 

A* ^ : A*® A* ^ A* ® A* 

c 

[,* (m{8)m)* 

A*®A^ ^ A*® A*® A*® A* ^ A*® A* ® A*® A* 

which says that m* is a morphism of 7^-algebras schemes. 

□ 



AFFINE FUNCTORS OF MONOIDS AND DUALITY 



9 



In [ini Ch. I, §2, 13], Dieudonne proves the anti-equivalence between the category 
of commutative if-bialgebras and the category of hnearly compact cocommutative 
ii'-bialgebras (where X is a field). 

Remark 2.4. Likewise, A is a bialgebra if and only if A and A* are functors of 
algebras and the dual morphisms of the multipication morphism A*(E)A* — > A* and 
unit morphism TZ — > A* are morphisms of functors of TZ- algebras. 

We define 

Hombiaig(-4, B*) := {/ e Hom7j_aig(-4, B*) : /* is a morphism of funct. of 7^-alg.} 

Corollary 2.5. Let A be an R-bialgebra and B* a bialgebra scheme. Then: 

Ylomuaig{A,B*) = Yiomi,ialg{B,A*) 

Remark 2.6. Let A* be an algebra scheme. It is easy to check that A* is a bialgebra 
scheme if and only if there exists a "coproduct" morphism c : A* — A*® A* and 
a "counity" e: A* — > TZ satisfying the standard properties. Moreover, f : A* B* 
is a morphism of bialgebra schemes if and only if it is a morphism of functors of 
bras and the diagrams: 



A 



f 



f®f 



B* 



B*(S)B* 



A* 




B* 



are commutative. 



For the rest of the section, let us assume that R = K is a, field. 

By Corollary ^T, 2.13], if A is a reflexive functor of /C-niodules and y is a K- 
module, then the image of any /C-linear morphism A — !■ V is a quasi-coherent 
submodule of V. In this section, from now on. A, A' will be functors of /C-algebras 
such that the image of any morphism of functor of algebras on any quasi-coherent 
algebra is a quasi-coherent algebra. By [2, 5.9], A := limA/I^, where {1;}^ is the 

set of bilateral ideal subfunctors of A such that A/I^ is a coherent /c-vector space, 
is the algebra scheme closure of A. 



Proposition 2.7. Let 



Proof It holds that A® A 
(limA/Ii)(g)(lim A'/I^,) =. 

til it^' 



and A' be two functors of IC- algebras. Then: 

A A' = A®ycA' 
A' ^ lim (A/I, (g) A'/I^,) = lim {A/1,^A' = 



(i.i')eixi' 



{i.i')eixi' 



with the obvious notations. 



□ 



The following theorem is immediate. 
Theorem 2.8. Let A be a bialgebra. Then A is a bialgebra scheme and 

}iombialg{A,C*) = llombialg{A,C*) 

for every bialgebra scheme C* . 
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Corollary 2.9. Let A be a K -bialgebra and let B* be a bialgebra scheme. Then 

RombtalgiA, B*) = UombialgiB, A*) 

Proof. It holds 

ilombialg{A,B*) = Iloinbialg{A,B*) RoulbialgiB, A*) = RoulbialgiB , A*) 

□ 

Remark 2.10. The bialgebra A° := Hoin7j(.4, TV) is sometimes known as the "dual 
bialgebra" of A and Corollary \ 2. 9\ says (dually) that the functor assigning to each 
bialgebra its dual bialgebra is autoadjoint (see [T| 3.5]J. 

Definition 2.11. The K -vector space of finite support distributions of A, that we 
shall denote by Df^, is the vector subspace Z^a ^ A*{K) consisting of linear 1- 
forms of A that are anihilate some bilateral ideal of A whose cokernel is a coherent 
K-vector space. 

Obviously, VI = (lini(A/lO*)* = A. Then: 

Hombiaig(A'S*) = Hombiaig(.4, = Hombiaig(-B, D^) 
for every bialgebra B. By Corollary 12.91 and Theorem 12.31 

UombialgiB, Da) = HoiUbxalgiA, Db) 

(compare this with [1, 3.5]). 

3. Spectrum of a functor of commutative algebras 

Let X ~ SpecA be an affine i?-scheme and let X' be the functor of points of X; 
i.e., X' is the functor of sets 

X'iS) = Homfl_,eh(SpecS',X) = RomR^aigiA, S) 

For any other affine scheme Y = Spec B, Yoneda's lemma proves that 

RomB,^ sch{X,Y) = Hom/ 

unctors 

so X' ~ Y' if and only ii X ^Y. We will sometimes denote X' — X. 

Definition 3.1. Given a functor of commutative TZ-algebras A, the functor Spec A, 
"spectrym of A " , is defined to be 

(Spec A) (S-) := Hom7^_„^g(A, 5) 

for every commutative R-algebra S. 

Proposition 3.2. Let A be a functor of commutative algebras. Then, 

Spec A = Ilormi-aig{A,TZ). 

Proof. By the adjoint functor formula ([H 1.15]) (restricted to the morphisms of 
algebras) it holds that 

Momn-aig{A,TZ){S) = Roms-aig{Ais,S) = HoniK-ais(A,5) = (SpecA)(5). 

□ 

Therefore, Spec A = Monm-aig{A,TZ) C moTmz{A,n) = A*. 
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Notation 3.3. Given a Junctor of sets X, the functor Ax := IHIom(X, TV) is said to 
be the functor of functions o/X. 

Proposition 3.4. Let X fee a functor of sets. Then 

Hom(X,SpecB) = Romn - ai g {M, Aji), 
for every functor of commutative algebras, B. 

Proof Given /: X ^ Sped, let /* : B ^ Ax be defined by f*{h){x) := 

for every x e X. Given 0: B ^ Ax, let : X ^ Spec! be defined by <j)*{x){b) 

(f>{b){x), for all £ B. It is easy to check that / = /** and = 0**. 

□ 

Example 3.5. If A is a commutative R-algebra, then Spec^ = (Spec A)' and 
^SpccA = A, which is a reflexive TZ-module. 

li R = K is a. field and X is a noetherian iiT-scheme, then the functor of functions 
of X' is a quasi-coherent T^-module. Hence, X' is a functor of sets with a reflexive 
functor of functions. 

Example 3.6. Let A be a commutative R-algebra and I C A an ideal. Let 
A = lim^/I". We will say that Spec,4 is the completion of Spec A along the 

closed set Spec A//. By Proposition \L5l A is a reflexive functor of TZ-modules, 
llouiTz-aigiA,C) ^ lim Honi7^_aig (-4/1" , C) and 

nGN 

Spec^= lim Spec^/I". 

neN 

Let B be a commutative R-algebra, J <Z B an ideal and B = YivaB/J'^. Let 

rieN 

A^B := lim [A ® B/{I®B + A® J)") = lim {A/I" ®n B/J''). Then S^ccA x 

TiGN rieN 

Spec B — Spec A®B because 

Y^OXi^n-algiMBX) = limHom7Z_aig(^A" ®B/J",C) 

neN 

= VimRouYn-aig{A/T\C) \imY^omn-alg{B/J'' ,C) 

neN neN 
= Yl0U\n-alg{A,C) X Yi0U\n-alg{B,C) 

Definition 3.7. We say that Spec^* is a formal scheme if A* is a commutative 
algebra scheme such that (unless stated otherwise) A is a projective R-module. If 
Spec A* is a Junctor oj monoids we will say that it is a formal monoid. 

The direct product Spec^* x SpecB* — S^ec{A*®B*) of formal schemes is a 
formal scheme. 

Example 3.8. Let X be a set. Let us consider the discrete topology on X. Let X 
be the Junctor, which will be called the constant Junctor X , dejined by 

%{S) :=Aplic,„„JSpec5,X) 
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for every commutative R-algebra S. If Spec S is connected then X(S') = X. 
Let Ax be the functor of algebras defined by 



ix{S) :=Aplic(X, 5*) = ]^ 5 



X 



for each commutative R-algebra S . Observe that Ax = YV^ = {(BTV)* is a commu- 

X X 

tative algebra scheme. X is a formal scheme because Spec Ajf = X; 

{SpecAx){S) = Romn-aigiY[n,S)^V hm liomn-aigiY[n,S) 

X Ycx y 

= lim Honifl._a;g(]Ji?, 5) = lim Apli^o„t (Spec S*, F) 

Ycx Y Ycx 

i-Koo li-Koo 

= Aplw(Spec5,X)=X(5) 
Obviously, Spec (lim A;) = lim (Spec A^). 

i€i iei 

Theorem 3.9. Let X = Spec^* be a formal scheme. By [2", 4.12], A* = liuiAi, 

where Ai are the coherent algebras that are quotients of A* . It holds that 

X = lim Spec Ai . 

Proof. By [2i 4.5], every morphism of functors of 7?.- algebras A* ^ B factors 
through a coherent algebra Ai that is a quotient of A* . Then, 

(Spec^*)(S') = HomTC_a;g(^*,5) = lunIloinn-aig{Ai,S) = lim (Spec A) (5). 

□ 

If i? is a field, Demazure ([Sj) defines a formal scheme as a functor (over the 
i?-finite dimensional rings) which is a direct limit of finite i?-schemes. 

Theorem 3.10. Let {A*}i^i be a projective system of commutative algebra schemes. 
Then 

Spec hm A* = hm Spec A* 

Proof. 

(Spec lim (5) = Rom-jz^aig (hm A*,S) hm Kom-jz^aig ( A * , 5) 

iei iei iei 

= (lim Spec A*) (S*) 

□ 

Proposition 3.11. LetX = lim Spec A. Then, Ax = limA^. 
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Proof. It holds that Hom((Spec A) , M) = M(yl) for every functor M, by Yoneda's 
lemma. Then: 

Ax =^ Hom(X,7^) = Hom(hm Spec A, limHoTO(Spec = lim A 

□ 

Definition 3.12. We will say that a functor of sets X is affine i/X = Spec Ax and 
Ax is reflexive. We will say that Ax is a functor of (commutative) affine algebras 
z/X is affine, that is, if Ax is the functor of functions of an affine functor of sets. 

Corollary 3.13. Affine schemes, formal schemes and the completion of an affine 
scheme along a closed set are affine functors. 

Proof. See Theorem 13.91 and Example 13.61 and apply Proposition 13.111 

□ 

Proposition 3.14. Let {Vi}i^i be a set of free R-modules. Then X — Yiiei^i 
an affine functor. 

Proof. Let {cij be a basis of Vi , for each i d I. Let Ji be the set of finite subsets 
of h and J = HiG/ Ji- Given = {ji,--. , >} G Ji let 14, := {cij^ , . . . , Cij^) C 
and Va ■=U^eI^^^■ Then 

X = []V, = Imi ([] V«J = Imi 

ie/ ae.J i<^i aeJ 
If = {ji, . . . ,jr} then Va, = Spec R[xij^,. . . , x.^j^]. Let R[xa,] := R[xij^,. . .,Xij^] 
and i?[a;ci] := (S>i(^iR[xai] — R[xij]iei,j£ai, then Va — Speci?[a;a] and 

X— lim Speci?[a;Q] 

and Ax = lim 72.[a;Q]. Now, let us prove that 
aeJ 

(4) Hotok( lim7^[a;„],7V) = lim HoTO7^(7^[a;„],7V) 

a£j ae.J 

Denote 7?.[a;Q]„ the set of homogeneous polynomials of degree n of 7?,[a::c(]. Then, 
Ax = lim 7?,[a::c] C HneN lim7?,[a;Q]„ and [Ax]n lim7?,[a::c]„ is a subset of the 

aeJ a^J aGJ 

set of infinite linear combinations of monomials of degree n, in the variables Xij, 
i G I,j g li. Then Ax C TZ[[xij]\i^ij,=i.. Given (3 E J , there exists an obvious 
section of the morphism -Kp : lim 7?.[a;Q] — > 7?,[a::^]. 

aeJ 

Let / G IHIom7j(Ax, A/"). Given s = X)|^|=o -^/S^^ G Ax C 7?.[[a;,y]], the mor- 
phism g: nj^i^o^ ^ diil^p)) ■= fiJ2i3 l^l^^px^) factors through a projection 
n|^|=o''^ ~^ Pr'^' Then, there exists a such that /(s) = f{na{s)). If / 

does not factor through the projection tTq, : Ax Tlixa] there exists s^ G Ax such 
that /(s^) ^ and 7r„(si) = 0. Let > a be such that /(s^) = /(7r„i(si)). If / 
does not factor through the projection tt^i : Ax TZ[xai-] there exists G Ax such 
that /(s^) ^ and 7rQi(s^) = 0. Let > be such that /(s^) = /(7r„2(s^)), 
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and so on. The morphism g: H^^o ^ 9{{^n)) ~ f{'l2n ^"""q^Is")) does not 
factor through any projection Jln=o ^ ~^ Y[n=o "which is contradictory. Then 
/ G \imMom-iz{Tl[xa],Af) and we obtain the Equation ID Now 

aeJ 

Spec Ax = Monin-aigi lmiTZ[xa],'JZ) = limMomn-aiai'R'ixa],'^-) 

aeJ a£j 

= lim Spec = X 

aeJ 

and 

AJ* = ( lim n[xa])** = ( lim 7^K]*)* = lim n[xa,] = Ax 

a.GJ a^J a^J 

□ 

4. Enveloping functor of algebras of a functors of monoids 

Let i? be a commutative ring and X a functor of sets. Let TZX be the functor of 
7?,-modules defined by 

TZX{S) := (Bx{S)S — {formal finite ^-linear combinations of elements of X(S')} 

Clearly, Hom(X,M) = Hom-R (7^X, M) , for aU functors of 7^-modules, M. 

Proposition 4.1. Let X &e a functor of sets. Let us assume that Ax ~ is a 
dual functor of TZ-modules. Then, 

Hom(X,M) = Hom7^(Bx,M) 

for every dual functor of TZ-modules M = T* . 

Proof. It holds that 

Hom(X,M) = HomK(7^X,M) = liomn{'R-X(E)T , TZ) = HomK(T, Ax) = HomK(Bx,M) 

□ 

Let G be a functor of monoids. TZG is obviously a functor of 7?.-algebras. Given 
a functor of 72.-algebras B, it is easy to check the equality 

Hom„,<,„(G,B) = Hom7^_a/g(7^G,B). 

The closure of dual functors of algebras of G is equal to the closure of dual functors 
of algebras of TZG. 

Theorem 4.2. Let G be a functor of monoids with a reflexive functor of functions. 
Then the closure of dual functors of algebras of G is Aq . That is, 

Hom,„o„(G,B) = Romn-aig{nG,M) = Romn-aig{A*G,M) 
for every dual functor of TZ- algebras B. 

Proof. (TZG)* — Aq is reflexive, so the closure of dual functors of algebras of G is 
AJj, by Proposition [m □ 

Theorem 4.3. Let G be a functor of monoids with a reflexive functor of functions. 
The category of quasi- coherent <G-modules is equivalent to the category of quasi- 
coherent K^-modules. 

Likewise, the category of dual functors of G-modules is equivalent to the category 
of dual functors of A^-modules. 
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Proof. Let V be an i?-module. Let us observe that Mndniy) = (V* ® V)* is a dual 
functor. Therefore, 

Iloimz-aiginG,EndTziV)) = HomK-a/5(A^,End7z(V)). 

In conclusion, endowing V with a structure of G-module is equivalent to endowing 
V with a structure of AQ-modulc. 

Let us also observe that Hom(G, V) = Honi7^(AQ, V). Hence, for any two G- 
modules (or A^-modules) V, V', a linear morphism / : V — > V' and v E V, we will 
have that the morphism /i : G — 5- V", fi{g) '■= figv) — gf{v) is null if and only if 
the morphism /2 : A* — > V, /2(a) ■— f{o,v) — af{v) is null. So we can conclude 
that HomG_w(V, V) = HomA*(V, V). □ 

Remark that the structure of functor of algebras of A^ is the only one that makes 
the morphism G — > Ag a morphism of functors of monoids. 

Let K he a field and let ^4 be a iC-algebra. A B is a finite dimensional 
quotient if-algebra if and only if B* ^4* is a finite dimensional left and right 
A-submodulc. Then Dj, := lim B* = {w E A* : diniK {AwA) < 00}. 

Proposition 4.4. Let L be a Lie K-algehra, let A = U{L) be the universal en- 
veloping algebra of L. The category of finite dimensional linear representations 
of L is equivalent to the category of finite dimensional linear representations of 
G = SpecZ?^. 

Proof. The category of finite dimensional linear representations of L is equivalent 
to the category of finite dimensional linear representations of its enveloping algebra 
A. But this last category is indeed equivalent to the category of finite dimensional 
linear representations of A. As = A, the thesis follows from 14.31 □ 

Example 4.5. The C-linear representations of (Z, +) are equivalent to the C[Z]- 
modules. C[Z] = <C[x, l/x], n M- x". Thus, if V is a finite C-linear representation 
of Z, then 

V= (B (C[a;]/(a; - a)")™, (a ^ 0) 

Q,n,m 

such that r • {Pa,n.m{-^^^a,n,m — {-^^ ' Pa,n,m{-^^^a.n,7rL- 

5. AfFINE FUNCTORS OF MONOIDS AND FUNCTORS OF AFFINE BIALGEBRAS 

Affine functors of monoids are affine functors which are functors of monoids. 
Affine i?-monoid schemes, formal monoids, the completion of an affine monoid 
scheme along a closed submonoid scheme, Knd-jiV {V being a free i?-module) are 
examples of affine functors of monoids, by 13.131 and 13.141 

Proposition 5.1. LefK andY be two functors of sets with dual functors of func- 
tions, Ax BJ and Ay = B^. Then, Axxy = (Bx By)*- 

Proof. It is a consequence of the equalities 

Hoto(X X Y, 7^) = Hom(X, Hom(Y, 7^)) = Hom(X, Ay) = Momn{V>x, Ay) 
= Hom7^(lx(8lBY,7^) 



□ 
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Let G be an affine functor of monoids. Let m : G x G — > G be the multiplication 
morphism. Then the composition morphism of m with the natural morphism G — ^ 
Ag factors through Ag® Ag, bv l4.1l and l5.1[ that is, we have a commutative diagram 

G X G — ^G 



A£®A^^^A£ 

Let e G G(i?) C AJj(i?) the unit of G. Then we can define a morphism e: — > A^. 
It is easy to check that {A^,m, e} is a functor of 7^-algebras. Moreover, the dual 
morphisms of the multiplication morphism m and the unit morphism e are the 
natural morphisms Aq — )> AqxG a-nd Aq A TZ, which are morphisms of 7?,-algebras. 

Conversely, let Ax be a functor of affine algebras. Assume that AJ is a functor 
of 7?,-algebras, such that the dual morphisms m* and e*, of the multiplication 
morphism m : A^ Cg) AJ — > AJ and the unit morphism e : — > AJ are morphisms of 
7?.-algebras. Given a point {x,x') S XxX C ]HIomK_a/g(Axxx, "7^) then {x,x')om* £ 
MomTz-aigiAx,TZ) = X and we have the commutative diagram 

X X X - - - ^ X 



Ax ® AJ ^ Ax 

Obviously e G HomK_o/g(Ax, 7^) = X. It is easy to check that {X, m, e} is a functor 
of monoids. 

Let G and G' be affine functors of monoids. Then, 

Hommo„(G,G') = {/ G IIom7j(AG', Ag): /, /* are morph. of funct. of 7?.-alg.} : 

Let ft,: G ^> G' be a morphism of functors of monoids. The composition morphism 
of h with the natural morphism G' Aq, factors through AJj, that is, we have a 
commutative diagram 




The dual morphism Ajj/ — > Aq is the morphism induced by h between the functors 
of functions. Inversely, let / : Ac Aq be a morphism of functors of 7^-algebras, 
such that /* is also a morphism of functors of 7^-algebras. Given g G G, then 
f*{9) = 9 ° f G MomTi-aig{AG' jTZ) = G'. Hence, f*^,: G — >■ G' is a morphism of 
functors of monoids. 

Definition 5.2. Let Ax be a functor of affine algebras. Ax is said to be a functor of 
affine bialgebras if A^ is a functor of TZ- algebras, such that the dual morphisms m* 
and e* , of the multiplication morphism m: AJ (g) AJ A^ and the unit morphism 
e: 7?. — > A^ are morphisms of TZ- algebras. 

Let Ag and Ac two functors of affine bialgebras. A morphism f : Ag — Ag' of 
functors of TZ-modules is said to be a morphism of functors of bialgebras if f and 
f* are morphisms of functors of TZ- algebras. 
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Theorem 5.3. The category of functors of affine bialgebras is anti-equivalent to 
the category of affine functors of monoids. 

Theorem 5.4. The category of commutative bialgebras schemes A* is anti- equivalent 
to the category of formal monoids Spec A* ( we assume the R-modules A are pro- 
jective). 

Proposition 5.5. Let R be a field and SpecB* be a formal monoid. Then, 

Honimon (Spec B* , Spec A) = Honimo„ (Spec D^, Spec A) 
for every affine monoid scheme Spec A. 
Proof. It is a consequence of the equalities 

HoiTlbialgiA^B*) = llombialgiB,A*) = Rouibialg {B , A*) = RomMalgiA, Db) 

□ 

6. Tannakian Categories 

In this section we use Theorem 14.31 to derive the so called Tannaka's theorem 
(see [5] and references therein for the standard treatment). 

Let K he a field. 

Definition 6.1. A neutralized K -linear category {C,uj) is an abelian category C 
together with a "fibre" functor io : C Vecti<- into the category of finite dimensional 
K-vector spaces such that uj is exact, additive and for every M,M' G Ob{C), 

Homc{M,M') C HomK{u:{M),uj{M')) 

is a K-linear vector subspace. 

A K-linear morphism between neutralized K-Ymeai categories F : (C, w) — t- (C, w) 
is an additive functor F: C C such that uj o F — uj. We will write HomK{C,C) 
to denote the family of these morphisms. 

Example 6.2. Let A be finite a K -algebra. The category yio A a of finitely generated 
modules over A together with the forgetful functor is a neutralized K-linear category. 

Recall also that morphisms of K -algebras A ^ B correspond to K-linear mor- 
phisms Mods — > ModA- 

If (C,a;) is a neutralized if-linear category and X E OhC is an object, we will 
denote by (X) the full subcategory of C whose objects are (isomorphic to) quotients 
of subobjects of finite direct sums X (B ■ . . (B X . 

By standard arguments, it can be proved the following: 

Theorem 6.3 (Main Theorem). There exists a (weak) equivalence of neutralized 
K-linear categories (X) ~ Mod-Ax > where Ax is a finite K -algebra unique up to 
isomorphisms. 

Moreover, every K-linear morphism F: {X) {X) induces a unique morphism 
of K -algebras f: A^ — > Ax. 

A neutralized if-linear category (C, w) is said to admit a set of generators if there 
exists a filtering set / of objects in C such that: C = lim {X). 
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In this standard argument passing to the hmit allows to prove: 

C = lim {X} ~ lim Mod^x = ModumAx = Mod^* 

where A* is the scheme of algebras A* := lim^x- 

Moreover, every ii'-linear morphism F: {C,lu) {C,u}) induces a unique mor- 
phism of /C-algebra schemes / : A* A* . 

Definition 6.4. A tensor product on a neutralized K -linear category {C,uj) is a 
bilinear functor Cg) : C x C C that fits into the square: 



CxC- 



Yectx X Vect/f *- Vectx 

(where the symbol ®k denotes the standard tensor product on vector spaces) and 
satisfies: 

a) Associativity and commutativity. 

b) Unity. There exists an object K together with functorial isomorphisms for 
every object X: 

X(g)K ~X c^K(g)X 
that through uj become the natural identifications uj{X) ®k K = uj{X) = K ®uj{X). 

c) Duals. There exists a covariant additive functor ^ : C — > C° , satisfying: 

V 

C 



Vectx ^ Vectx 

where uj*{X) uj{X)*. There also exists functorial isomorphisms (X^)^ = X 
and a morphism IC — X (x) X"^ such that via uj is the natural morphism K 

0J{X) ®K0J{X)*. 

Definition 6.5. A Tannakian category neutralized over K is a triple [C^uj,®) 
where (C,a;) is a neutralized K -linear category that admits a set of generators and 
® is a tensor product on (C,aj). 

Now it is not difficult to check that the existence of a tensor product in a neu- 
tralized if-linear category C ~ Mod^* amounts to the existence of a coproduct on 
the scheme of algebras A* . As a consequence: 

Theorem 6.6. Let (C,a;,0) be a Tannakian category neutralized over K. There 
exists a unique (up to isomorphism) K -scheme of cocommutative Hopf algebras A* 
such that (CjO;,®) is equivalent to the category Mod^. . 

Corollary 6.7 (Tannaka's Theorem). If {C,uj, ®) is a Tannakian category neutral- 
ized over K , then there exists a unique (up to isomorphism) affine K -group scheme 
G such that {C,uj,®) is equivalent to the category of finite linear representations of 
G. 

Proof. By the previous theorem, there exists a scheme of Hopf algebras A* such 
that C ~ Mod^*. If we define the affine group scheme G :— Spec A, then the 
statement follows from Theorem 14.31 □ 
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7. FUNCTORIAL CARTIER DUALITY 

Definition 7.1. IfQ is a functor of abelian monoids, G* := Mammon (^^,7^-) (where 
we regard TZ as a monoid with its product) is said to be the dual monoid ofG. 

If G is a functor of groups, then G* = Momgrp{Gr, 

Theorem 7.2. Assume that G is a functor of abelian monoids with a reflexive 
functor of functions. Then, G* = Spec (Ag) (in particular, this equality shows that 
Spec Aq is a functor of abelian monoids). 

Proof G* = Hom™o„(G, TZ) = monm-aig{Al, 7^) = Spec (A£). □ 

Remark 7.3. Explicitly, SpecAg = Mammon {G, T^) • 'f' ^ 4>j where 4'{x) — 4>{x), 
for every 4> € SpecAg = IHIom7^_aig(Ag, 7?.) and x G G — > A^. 

G* is a functor of abelian monoids ((f ■ f'){g) fig)- fig), for every f, f G G* 
and g G G), the inclusion G* — MammoniG, TZ) C IElIom(G, 7^) = Ac is a morphism 
of monoids and the diagram 

G*'^ ^ Hoto(G, TZ) = Ag 



Spec A* C ^ Hotok(A^, TZ) - A£* 

is commutative. 

Theorem 7.4. The category of abelian affine R-monoid schemes G — SpecA is 
anti- equivalent to the category of abelian formal monoids Spccy^* (we assume the 
R-modules A are projective). 

Proof. The functors Spec A = G G* = Spec^* and Specy^* = G G* = 
Spec A estabhsh the anti-equivalence between the category of abehan affine R- 
monoid schemes and the category of abehan formal monoids: 

The morphism G ^ G**, g H> g** , where g**if) := fig) for every / G G*, is an 
isomorphism: It is easy to check that the diagram 

Spec A** (Spec A*)* (Spec A)** 

Spec A 

is commutative. 

IIom„ion(Gi, G2) = Hommon(G2, G*): Every morphism of monoids Gi G2, 
taking ]HIom,„o„(— , 7J), defines a morphism G2 G\. Taking Mammoni—iTZ) we 
get the original morphism Gi — > G2, as it is easy to check. 

□ 

In particular, we get the Cartier duality for finite commutative algebraic groups 
dm §9.9]). In ^0, Ch. I, §2, 14], it is given the Cartier Duality (formal schemes 
are certain functors over the category of commutative linearly compact algebras 
over a field). 

Corollary 7.5. Let K be a field, G = Spec A an abelian affine K -monoid scheme 
and Dq the distributions with finite support of G. Then 

Hommort (Spec B*,G) = Hom„o„ (Spec Dq , Spec B) 
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for every abelian formal monoid Spec B* . 
Proof. 

UommoniSpeC B* , G) = llombialg{A,B*) = IioniMalg{A,B*) 

= RombiaigiB^Da) = Hom^on (Spec I^g, Spec B) 

□ 

Example 7.6 (AfRne toric varieties). Let T be a set with structure of abelian 
(multiplicative) monoid. Let R be a field. The constant functor T = Spec Ot^ 
an abelian formal monoid. The dual functor is the abelian affine R-monoid scheme 
T* = Spec ®T 7^ = Spec i?T. 

We will say that an abelian monoid T is standard if it is finitely generated, its 
associated group G is torsion-free and the natural morphism T ^ G is infective ( in 
the literature, see [SJ 6.1], it is called affine monoid). It is easy to prove that T is 
standard if and only if RT = (BtR is a finitely generated domain over R. 

Theorem: The category of abelian monoids (resp. finitely generated monoids, 
standard monoids) is anti- equivalent to the category of affine semisimple abelian 
monoid schemes (resp. algebraic affine semisimple abelian monoids, integral alge- 
braic affine semisimple abelian monoids). 

If T is standard then G = 17^ and the morphism T ^ G induces a morphism 
G^ — > T*. In particular, GJ^ operates on T* . Furthermore, as RG is the local- 
ization of RT by the algebraically closed system T, the morphism G^ T* is an 
open injection. We will say that an integral affine algebraic variety on which the 
torus operates with a dense orbit is an affine toric variety. It is easy to prove that 
there exists a one-to-one correspondence between affine toric varieties with a fixed 
point whose orbit is transitive and dense, and standard monoids. 

8. Reynolds Operator on Invariant Exact Functors of Semigroups 

In this section we will assume that i? is a commutative ring and G is a functor 
of semigroups with a reflexive functor of functions. 

Definition 8.1. LetM. be a functor of Gi -modules. We define 

M{S)'^ := {m e M{S), such that g-m^ m for every g e 

and we denote by M"* the subfunctor of TZ-modules of M defined by 'Nf'{S) := 
M{S)^. We will say that / e M is (left) G-invanant if f € . 

If M is a functor of G- modules (resp. of right G- modules), then M* is a functor 
of right G-modulcs: /*<?:= /(<? • — ), for every / G M* and <? S G (resp. of left 
G-modules: g * f := f{— ■ g)). Assume G is a functor of groups. If Mi and M2 are 
two functors of G-modules, then Hotok(Mi, M2) is a functor of G-modules, with 
the natural action g * f :— g ■ f{g^^ ■ — ), and it holds that 

Ho?71k(Mi,M2)'^ = Home (Ml, M2). 

Definition 8.2. G is said to be left invariant exact if for any exact sequence (in 
the category of functors of TZ-modules) of dual functors of left G-modules 

^ Ml ^ M2 ^ M3 ^ 



'More precisely, g ■ m = m for every g S G(T) and every morphism of 7?.-algebras S ^ T. 
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the sequence 

^ ^ Mf ^ Mf ^ 
is exact. G is said to be invariant exact if it is left and right invariant exact. 

If G is a functor of groups and it is left invariant exact, then it is invariant 
exact since every functor of right G-modules M can be regarded as a functor of left 
G-modules: g ■ m := m ■ g^^. 

Let O : G — !■ 7^, 5 i-> 1 be the trivial character, which induces the trivial 
representation Q : TZ. Observe that = 1 G Ac- 

Theorem 8.3. G is invariant exact if and only if Ag = TZ x M as functors of 
TZ-algebras (perhaps without unit), where the projection AJ TZ is Q. 

Proof. Let us assume that G is invariant exact. The projection Q : Aq — >■ TZ 
is a morphism of left and right G-modules. Taking left invariants one obtains 
an epimorphism 9 : A*''' TZ. Let wi G Ag(i?) be left G-invariant such that 
S{wi) = 1. Likewise, taking right invariants let Wr € Ag(i?) be right G-invariant 
such that 0(wr) = 1. Then w = wi ■ Wr € A^{R) is left and right G-invariant and 
Q{w) = 1. Then, w' -w — w'{l)-w = w-w' , because g-w = w = w-g. Moreover, w is 
idempotent. Therefore, A^ = w ■ A^ ® Ker w-, w' i— > (w • w' , w' — w ■ w') as functors 
of 7^-algebras. Moreover, Q{w ■ w') = e{w) ■ Q{w') = e(w') and TZ = w A£, 
A ^ A • w, as functors of 7^-algebras. If we denote, TZ — w ■ Ag and B — Kerw- 
then A^ = 7?, x B as functors of 7^-algebras, where the projection Ag 7?. is 0. 

Let us assume now that Ag = 7^ x B and tti = 9. Let w = (1,0) e TZ x M = Ag 
and let us prove that G is invariant exact. 

For any dual functor of G-modules M, let us see that ■ M = M"^. One sees 
that w • M C M"^, because g ■ {w ■ m) = [g ■ w) ■ m = w ■ m, for every g & G and 
every m S M. Conversely, M"^ C w • M: Let to S M be G-invariant. The morphism 
G —7- M, g i-^ g ■ m = m, extends to a unique morphism Aq M. The uniqueness 
implies that w' ■ m = w'{l) ■ m and then m = w ■ m £ w ■ M. 

Taking invariants is a left exact functor. If M2 — > M3 is a surjective morphism, 
then the morphism — )■ Mf is surjective because so is the morphism = 
w • M2 ^ w • M3 = Mf . □ 

Let X : G ^ Gm be a multiplicative character and let x ■ TZ he the 

induced morphism of functors of 7^-algebras. 

Corollary 8.4. G is invariant exact if and only if A^ = 7?. x B as functors of 
TZ-algebras, where the projection Aq —^TZisx- 

Proof. The character x induces the morphism G — > A^, g M> x{9) ' 9i which induces 
a morphism of functors of 7^- algebras ip: A^ — > A^. This last morphism is an 
isomorphism because its inverse morphism is the morphism induced by x~^- 
The diagram 




TZ 



is commutative. Hence, through (p, "Ag = TZ xM a,s functors of 7?.-algebras, where 
the projection Ag ^ 7^ is 9" if and only if "Ag = 7?. x B' as functors of 7^-algebras, 
where the projection Ag TZ is x" ■ Then, Theorem 18.31 proves this corollary. □ 
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Theorem 8.5. Assume G is a functor of groups. G is invariant exact if and only 
if Aq = TZ X R as functors of TZ-algebras. 

Proof. Assume that = TZxM and let G ^ Ag, 5 i-> g be the natural morphism. 
The composite morphism 

G-^AJj = 7^xB^7^ 

is a multiplicative character and tti is the morphism induced by this character. Now 
it is easy to prove that this corollary is a consequence of Corollary [831 O 

Remark 8.6. Let G = Spec^ be an affine R-group scheme (assume A is a pro- 
jective R-module). By [21 4.12], A* = lim^j where Ai are the coherent algebras 

i 

that are quotients of A* . We can suppose that 1 = 0: A* TZ factors through 
Ai for all i. If "taking invariants" is exact on the category of coherent G-modules, 
again as in the proof of Theorem 1 8. we obtain that Ai = TZ x Bi. Taking inverse 
limits, A* =TZ xM (so that the projection onto the first factor is 0). Therefore G 
is invariant exact. Finally by Remark \8. 13[ G is linearly reductive if and only if it 
is invariant exact. 

In the proof of Theorem 18.31 we have also proved Theorem 18.71 and 18.81 

Theorem 8.7. Let G = Spec^* be a formal semigroup. Q is invariant exact if 
and only if the functor "taking invariants" is exact on the category of quasi- coherent 
G-modules. 

Theorem 8.8. G is invariant exact if and only if there exists a left and right 
G-invariant 1-form w G A^{R) such that w{l) = 1. 

Definition 8.9. Let G be invariant exact. The only wg G that is left and 

right G-invariant and such that wq{1) = 1 is called the invariant integral on G. 

It is well known that an afSne algebraic group is linearly reductive if and only if 
there exists an invariant integral on G (see TS] and [TT]). 

Let G be invariant exact and wq the invariant integral on G. liwi is left invariant 
and wi{l) = 1 then wi — wg • wi — w^. 

Example 8.10. Let G := Spec7e[[ Xij]]o<i.j<n the semigroup of 'formal matri- 
ces" (the coproduct is c{xij) — "^iXn Cg> xij). G is an invariant exact semi- 
group and wg,: R[[xij]]o<ij<n TZ is defined by w<s,{s{x)) — s(0), for all s{x) e 

R^Xij\]f)<i,j<n- 

Proposition 8.11. Let G be invariant exact and let wq £ A^(R) be the invariant 
integral on G. Let M. be a dual functor of G-modules. It holds that: 

(1) = WG • M. 

(2) M splits uniquely as a direct sum of M"* and another subfunctor of G- 
modules, explicitly 

M = WG • M © Ker • , m ^ (wq ■ m,m — wq ■ m) 

The morphism M — > M^, m ^ wq ■ m will be called the Reynolds operator o/M. 



Proof. 
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(1) One deduces that wjj • M C M"*, because g ■ {wiq -m) — {g- wg) - m = WQ-m 
for every .g G G and every to e M. Conversely, let us see that M"* C wu -M. 
Let m G M"*. The morphism G — >■ M, g i—^ g ■ m = m, extends to a unique 
morphism — > M. The uniqueness implies that w' ■ m = w'{l) ■ m and 
then m = wq ■ to G wq ■ M. 

(2) It is obvious. 

□ 

Proposition 8.12. Let G be an invariant exact functor of groups and let M and 
N be dual functors of G -modules. If n : M. ~^ N is an epimorphism of functors of 
G-modules and s : N ^ M. is a section of functors of TZ-modules of tt, then ■ s 
is a section of functors of G-modules of -k . 

Proof. Let us consider the epimorphism of functors of G-modulcs (then of Aq- 
niodules) 

TT, : IHIomK(N, M) HomK(N, N), / tt o /. 
Then, tt o [wiq ■ s) = 7r*(wG • s) = wq ■ 7r*(s) = wg • Id = Id. □ 

Likewise, it can be proved that if M and N are functors of (G-modules, M is a 
dual functor, z : M N is an injective morphism of (G-modules and r is a retract 
of fimctors i?- modules of i, then wq • r is a retract of functors of G-modules of i. 

Remark 8.13. We shall say that a quasi- coherent G-module M is simple if it does 
not contain any Q-submodule A4' ^ M, such that M! is a direct summand of M. 
as an TZ-module (this last condition is equivalent to the morphism of functors of 
TZ-modules M* — )• Ai'* being surjective, see the previous paragraph to 2, I.IA]). If 
G is an invariant exact functor of groups, M- is a quasi- coherent G-module and M 
is a noetherian R-module, then it is easy to prove, using the previous proposition, 
that M- is a finite direct sum of simple G-modules. 

If G = Spec A* is an invariant exact formal group is easy to prove that A is a 
finite direct product of finite simple algebras, hence G is a finite group scheme. 

9. Lie Algebras and Infinitesimal Formal Monoids in Characteristic 

Zero 

Assume i? is a commutative ring (many technical difficulties could be avoided if 
R were a field). 

Let f : N M a morphism of i?-modules and /* : M-* — > M* the dual mor- 
phism. In the category of module schemes Ker/* = C* and Coker/* = /C*, where 
C = Coker / and if = Ker /. 

Let A* be a commutative algebra scheme. M. is an ^*-module if and only 
if Ai* is an yl*-module, and this one is an ^*-module if and only if M is an A- 
comodule. Given a morphism /: iV ^ M of ^-comodules Coker / is a A-comodule. 
Assume now that A is a flat i?-module, then Ker / is an ^-comodule. Hence, if 
/* : AA* — > N* is a morphism of y^*-modules then Coker/* and Ker/*, in the 
category of 7?.-modules schemes, are ^*-modules. 

Notation 9.1. In this section all algebra schemes are assumed to be commutative 
and A* will be a commutative algebra scheme such that A is a flat R-module. 

Let I* ^ A* ideal schemes and to: I*® - • -^X* — >■ A* the obvious multiplication 
morphism. We denote by X* ■ • • I* = J"* the module scheme closure of Im to in ^* , 
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which is an ideal scheme of A*: the dual morphism of to, c: A /i (g) • • • /„, is 
a morphism of ^*-modules and J = Imc. 

Given a functor of 7?.-niodules M we will denote its 7?.-module scheme closure 
M. Observe that M*{R) = M*{R). Hence, M = V* , where D = M*{R) (see [1 
2.7]). We say that a morphism of functors of 7?,- modules M — > N is dense if M — )■ N 
is surjective, in the category of module schemes, that is, if N*(i?) — > M[*(i?) is 
injective. 

We have 

T* • • • • • • j: ^ ^* 

If Ii is a flat i?-modulc then I* • • - I* = • (I^ • • - I,*!): observe the diagram 

(X2* ® ■ • ■ ® 2:*) '^^^^'^ X* ® I* • ■ • z* X* ■ {i; ■■■i:)^ A* 

If /i and I3 are flat i?-modules then T( ■ [I^ ■ I^) = ■ ■ I3* = (IJ -I^)-!^. 

Let J* C ^* be an ideal scheme such that A* /I* = TZ. / is a flat i?- module. 
Denote X*" = X*-" -Z* and /" = RecaU we have A ^ I ^ ■ ^ I. 

Assume (I*")|5 = i^*\s)"' for all base changes i? — > S", that is, /" ^ / (g) •"• (g) / 

is injective for all base changes. Since / eg •"• (g / is a flat i?- module then /" is a 
flat i?-module. By induction, I*'' ■ I" = (I* • . I" = J* . x*^+^-^ = i*r+s ^ 

Denote £„ = (j^yj^^+i^*^ rpj^^ ^^^^ sequence of 

is — > L„ /"+^ — ^ 0, hence L„ is a flat i?-module. 

Given a functor of 7^-modulcs M let S^'M be the functor of 7^-modules S''M{B) := 
S'^{M.{B)), "the n-th symmetric power of the B-module M{B)" , which holds the 
tiniversal property 

IHIomK(S'"M,N) = HomK(Mg) •"• g)M,N)^" 

for every functor of 7?.-modules N. 

Observe that is the quasi-coherent module associated to the i?-module 

S'^M and (S'^M)* = (7W*(g-"-(g7W*)^" =: SnM*. Let SnM be the qua si-coherent 
module associated to the i?-module (M®")-^". Then (SnM)* = S"M*, because 

The composition J* g) •"• g)X* — s> I*" — is dense and factors through 
Then the morphism 

is dense (that is, surjective in the category of schemes of modules). 

Definition 9.2. Let A* be a commutative bialgebra scheme, e: A* TZ its counit 
andT* — Kere. We will say thatG := Spec^* is aflat infinitesimal formal monoid 

(1) A is a flat R-module. 

(2) A* = lim^*/I** (in the category of module schemes). 

(3) (I*")|5 = (1*15)" for all base changes R ^ S (see Remark \9.4\ l- 
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Let US construct the hwerse morphisni S'^{X* /X*'^) of m: consider 

the product G x • • • x G — ;> G, {gi, • ■ • , 5,1) ^ 5i ■ • • 5n, which corresponds to the 
coproduct morphism c: A* — > ^*(8) ■ ■ • (i)A*. 

For any f G X* we have that 

c(/) = mod V • • • (8)1* (g) • • • (g)T*(8) • • • i^A* 

j=\ r^s 

j 

because the classes of c(/) and / YTj=i I®---®/®---®! in ® • • • ® 

s 

A* ® ■■ ■® A* jX* are equal, for every s, so 

n n 

c(/) - / e n';^i (V ^*® • ■ • ®X*® .■■®A) = y A*® ■ ■ ■ ®i*® • • • ®X*® ■ • • ®X 

Therefore, we obtain the morphism 

j*n/j*n+l Z*/Z*2g,.?.(g2*/I*2 ^ ^*/X*2^.".^^*/I*2 

h---fn ^ c(/i •••/„)= c(/i) •• •€(/„) = X;<TeS„ /"^(l) ® ■■■ 

for every /i,...,/„ G I*, that defines a morphism c: X"'-/x*"+^ -> Sn{X* /X*"^). 
Now it can be checked that com: S'»{I*/J*2) -> SniX* /X*^) is the natural mor- 
phism. 

Theorem 9.3. ^ssitme i/iaf R is a flat Ij-algebra and G = Spec^l* is a /Za< m- 
finitesimal formal monoid, e: A* — > TZ the unit of Q and X* = Kere. The natural 
morphism 

is an isomorphism. 

Proof. Denote £„ = (2:*n/2*n+i)*^ r^j^^ ^^^j sequence of 

is S'^Li SnLi. The morphism L„ ^ S'^Li is injective for all base changes, 

because L„ and the symmetric powers are stable by base change. Hence the cokernel 
is a flat i?-module, moreover it is a quotient of S^Li/ SnLi and n\ ■ {S"'Li/ SnLi) = 
0. Hence, the cokernel is null and L„ = S'"Li, that is, S"{X*/X*'^) = 

□ 

Remark 9.4. If R is a Q-algebra, then in the hypothesis of theorem 1 9. 3\ it is not 

necessary to impose that (I*")|5 — for all base changes R S , because it 

can be seen in the proof that S"Li ~ i„ = SnLi. 

Definition 9.5. If A is a bialgebra, we say that an element is primitive if c(a) = 
o ® 1 + 1 ® a, where c is the coproduct of A. 

It can be checked that a G ^ is a primitive clement if and only if a G T^G := 
DeTn{A*,IZ) = mmn{X* /X*'^ ,n) . 

The inclusion TgG ^ A is a morphism of Lie algebras that extends to a morphism 
of algebras t/(TeG) — > A, where U (TeG) is the universal algebra of TgG. 

Let L be a Lie algebra. U{L) is a quotient of the tensorial algebra of L, T'L. It 
is easy to see, ([12l I. HI. 4.]) that S' L has a surjective morphism into the graduated 
algebra by the filtration of C/(L), {C/(L)„ := [©,<„r*L] }. 
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Let G = Spec A* be a flat infinitesimal formal group. Let us denote An = 
The equality A* = lim^*/Z" is equivalent to the equality A = 

lim^j. Observe that Ai ■ Aj C Aj+j-: let c: A* ^ A*'^A* be the coproduct. Then, 

c{I*) c I*^A* + A*^I*, so that c(X*'+J'+i) C I*'+^^A* + A*®I*^'+V The dual 
morphism of 

^y^H+j+i ^ A*/T'+^^A*/T^+'^ 

is the product of A, Ai (g) Aj — > Ai+j. The morphism U{L) — > A maps U{L)i 
into Ai, so U{L)n maps into An- Lastly, it is easy to check that An/An-i = 
(Z"7l*"+i)* = £„. 

Theorem 9.6. Let R be a flat Z-algebra and G = Spec .4* a flat infinitesimal 
formal group, and write L := TgG. Then: 

(1) U{L) ^ A is an injective morphism of bialgebras, and t/(i)(8)zQ = A<S)zQ- 

(2) The morphism U{L)n/U{L)„-i = S^^L ^ SnL = An/An-i is injective 
and {U{L)n/U{L)n-i) ®z Q = (A„/A„_i) (^z Q- 

(3) L is the module of primitive elements ofU{L). 



Proof. From the commutative diagram (see the proof of 19.3 

S^L'^ ^ Lji — SnL 

surj 

C/(i)„/f/(L)„_i 

it easily follows (2). By induction on n, it is easy to see that U{L)n ~> An is 
injective, and therefore the morphism of algebras U{L) ^> A is injective. Similarly, 
it can be proved that U{L) (^z Q = A (g)z Q. 

Moreover, U (L) — )• A is a morphism of coalgebras because it maps L, that are 
primitive elements of U{L), into primitive elements of A and U{L) is generated 
algebraically by L. Finally, the module of primitive elements of A is L, so the 
module of primitive elements of U{L) is precisely L. 

□ 



Example 9.7. Let Z[[x]] be the Z-algebra scheme defined by Z\\x\\{S) — S[[x\], 
for every commutative Z-algebra S . Z[[xW is a bialgebra scheme with the coproduct 
c{x) := x®l + l®x. If<G^ SpecZ[[x]], L ^ T^G and A = Z[[x]]*(Z) it can be 
proved that 

A = Z[wi,. . .,Wn, ■ . ■]/{Wi ■ Wn-i - ■ W„)„eN, U (L) = Z[wi], 

An/An-1 = Z ■ Wn and U{L)n/U{L)n-l = Z ■ w" = Z ■ n\ ■ Wn- 

Remark 9.8. Let us suppose that K is a field of characteristic zero. If L is a Lie 
algebra, consider G = SpecU{C)* . Let L = Tf,G, that is, the primitive elements of 
U(L). We have a natural morphism L ^ L. With adequate basis in L and L we 
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have the commutative diagram: 

SL ^SL 

surj 



t7(L)rfic/(L) 

that allows to prove that the morphism L L is surjective. 

Let us also outline very briefly that the morphism L ^ L is injective, i.e., that 
there exists a faithful linear representation of L. If L is commutative, then S' L = 
U{L) and the morphism L ^ U (L) is injective. Let Z be the kernel of the surjection 
L ^ L (notice that [L, Z] = 0). Let Gz and be the formal groups associated to 
Z and L. It is enough to see that L ^ Dcr/i (G^ x G^). To do that, it is enough to 
prove that there exists a section of Lie algebras w: L ®k U{L)* L ®k U{L)* of 
the natural surjection L (E)k U{L)* L U{L)* . Let s: L ^ L be any K -linear 
section. It can be checked that the 2-form of Gi with values in Z , W2 ■ L x L ^ Z , 
W2{D,D') = s{[D,D'\) — [D,D'] is closed. By the Poincare Lemma, there exists a 
1-form ofGi with values in Z, w' : L®kU{L)* — )■ Z®kU{L)* , such that dw' = W2. 
The section of Lie algebras that we were looking for is w = s + w' . 

If R is a flat Ij-algebra and L is a flat Lie R-algebra, the diagram: 

^ C/(i)„/[/(L)„_i 



S^L ®i Q = {U(L\alU(L)^^{) ®z Q 

allows to deduce that S'^L = C/(i)„/C/(L)„_i, and, in particular, they are flat R- 
modules. Now, it can be checked by induction that U{L)n is a flat R-module, and 
therefore U (L) is a flat R-module. Let L be the module of primitive elements of 
U{L). L/L C U{L)/L is a torsion-free "L-module and {L/L) ®% Q = 0, so L ~ L 
(see [12, 5.4]j. 

Notation 9.9. From now on, we will assume that R is a Q-algebra. 

If G = Spec A* and G' — Spec B* are formal groups, let us say, by definition, 
that in the category of formal groups Homgrp(G, G') := llomi,iaig{B* , A*). If A 
is a projective -R-module, then Homgrp(G,G') is equal to the set of morphisms of 
functors of groups from G to G'. 

Corollary 9.10. Let G ~ Spec^*, G' ~ SpecB* be flat infinitesimal formal 
groups. Then: 

HonVp(G,G') = Homi,e(TeG,r,G') 

Proof. It follows from: 

Homgrp(G,G') = llomi,iaig{B*,A*) = RouibiaigiA, B) 

= Homb„ig(C/(TeG), C/(TeG')) = Homi,e(TeG,reG') 

□ 



Theorem 9.11. The category of flat infinitesimal formal groups is equivalent to 
the category of flat Lie algebras. 
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Proof. The functors giving the equivalence assign to each flat infinitesimal formal 
group G its tangent space at the identity TeG and to each Lie algebra L, the group 
Spec^^(i)*. □ 

Corollary 9.12. The category of linear representations of an infinitesimal formal 
group G is equivalent to the category of linear representations of its Lie algebra 

TeG. 

Proof. The category of linear representations of the formal group G = Spec A* 
is equivalent to the category of A-modules, that is equivalent to the category of 
linear representations of the Lie algebra TeG, because A is the universal algebra 
associated to TgG. □ 

Let G — Spec A be an affine ii'-group scheme and le the ideal of functions that 
vanish at the identity element of G. Let J be the set of ideals of finite codimension 
of A that are included in /g and let us denote Dist(G) := \im{A/I)*. 

Corollary 9.13. Let R = K he a field of characteristic zero and G — Spec A an 
affine R-group scheme. There exists a canonical isomorphism of hialgehras: 

U{TeG) = DistG 

Therefore, U{TeG)* — A and the infinitesimal formal group associated to TeG is 
G. 

Proof. Let A := \imA/I and G — Spec^. Observe that B.omTi{A,TZ) — DistG. 
Moreover, 

TeG = RomspecR{SpecR[x]/ix^),G) = HomspccTC(Spec7e[x]/(x2), G) = TeG 

Therefore, by Theorem [HE Dist G = U{TeG) = U{TeG). □ 

(See [3 IIL6.1], where G is algebraic). 

Corollary 9.14. If G = Spec A is a flat commutative unipotent R-group, then it 
is isomorphic to V* , where V — TeG*. 

Proof. G is a commutative unipotent i?-group if and only if G* is a commutative 
infinitesimal formal group. By TheoremHH G* = Spec {U{TeG*))*. As TeG* C A 
is a trivial Lie algebra, G = Spec U{TeG*) = Spec S TeG* =V*. □ 
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